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9 On prolongations of quasigroups
Ivan I. Deriyenko and Wieslaw A. Dudek
Abstrat
We prove that any quasigroup admissing omplete or quasiomplete
mapping has a prolongation to a quasigroup having one element more.
1 Introdution
By a prolongation of a quasigroup we mean a proess whih shows how,
starting from a quasigroup Q(·) of order n, we an obtain a quasigroup
Q′(◦) of order n + 1 suh that the set Q′ is obtained from the set Q by
the adjuntion of one additional element. In other words, it is a proess
whih shows how a given Latin square extends to a new Latin square by the
adjuntion of one additional row and one olumn. The rst onstrution of
prolongation was proposed by R. H. Bruk [7℄ who onsidered only the ase
of idempotent quasigroups. More general onstrution was given by J. Denes
and K. Pasztor [9℄. Further generalizations, for speial types of quasigroups,
have been disussed in [2℄ and [3℄ by V. D. Belousov. In fat, the onstrution
proposed by V. D. Belousov is more elegant form of the onstrution proposed
by J. Denes and K. Pasztor. G. B. Belyavskaya studied this problem together
with the inverse problem, i.e., with the problem how from a given Latin
square of order n one an obtain a Latin square of order n− 1 (f. [4, 5, 6℄).
Quasigroups obtained by the onstrution proposed by G. B. Belyavskaya
are not isotopi to quasigroups obtained by the onstrutions proposed by
R. H. Bruk and V.D. Belousov. This means that we have two dierent
methods of onstrution of prolongations.
Below we present a third method. Our method an be applied to any
quasigroup of order n with the property that its multipliation table possesses
a partial transversal of length n−1, i.e., a sequene of n−1 distint elements
ontained in distint rows and distint olumns. All these three onstrutions
are presented in short elegant form.
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2 Denitions and basi fats
In this paper Q(·) always denotes a quasigroup. The set Q′ is identied with
the set Q ∪ {q}, where q /∈ Q.
Any mapping σ of a quasigroup Q(·) denes on Q a new mapping σ,
alled onjugated to σ, suh that
σ(x) = x · σ(x) (1)
for all x ∈ Q. If σ is the identity mapping ε, then σ(x) = x2. The set
def(σ) = Q \ σ(Q),
where σ(Q) = {σ(x) |x ∈ Q}, is alled the defet of σ.
A mapping σ is quasiomplete on a quasigroup Q(·) if σ(Q) ontains all
elements of Q exept one. In this ase there exists an element a ∈ Q, alled
speial, suh that a = σ(x1) = σ(x2) for some x1, x2 ∈ Q. If σ(Q) ontains
all elements of Q, then we say that σ is omplete. A quasigroup having at
least one omplete mapping is alled admissible. V. D. Belousov proved in [3℄
(see also [2℄) that any admissible quasigroup is isotopi to some idempotent
quasigroup and has a prolongation. Sine for a given admissible quasigroup
the method of onstrutions of a prolongation proposed by V.D. Belousov
gives, in fat, a quasigroup whih is isotopi to a quasigroup obtained from
the orresponding idempotent quasigroup (by the method proposed by R.
H. Bruk) we will identify these two methods and will all it the lassial
onstrution.
3 Prolongations of admissible quasigroups
1. Classial onstrutions. The idea of the onstrution proposed by
R. H. Bruk is presented by the following tables, where the orresponding
empty ells of these tables are idential.
· 1 2 3 4 . . . n
1 1
2 2
3 3
4 4
.
.
.
.
.
.
n n
−→
◦ 1 2 3 4 . . . n q
1 q 1
2 q 2
3 q 3
4 q 4
.
.
.
.
.
.
.
.
.
n q n
q 1 2 3 4 . . . n q
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The quasigroup Q′(◦) obtained from the quasigroup Q(·) is a loop with
the identity q. The operation on Q′ is dened aording to the formula:
x ◦ y =


x · y for x, y ∈ Q, x 6= y,
x for x ∈ Q, y = q,
y for x = q, y ∈ Q,
q for x = y ∈ Q′.
(2)
In the onstrution for a prolongation of an admissible quasigroup Q(·)
proposed by V. D. Belousov [3℄ the omplete mapping σ of Q(·) and its
onjugated mapping σ are used. The operation on Q′ is dened by the
formula:
x ◦ y =


x · y for x, y ∈ Q, y 6= σ(x),
σ(x) for x ∈ Q, y = q,
σσ−1(y) for x = q, y ∈ Q,
q for x ∈ Q, y = σ(x),
q for x = y = q.
(3)
Geometrially this means that the multipliation table (Latin square)
L′ = [a′ij ] of a quasigroup Q
′(◦) is obtained from the multipliation table
L = [aij ] of a quasigroup Q(·) by the adjuntion of one row and one olumn
in this way that all elements from the ells aiσ(i) are moved to the last plae
of the i-th row and σ(i)-th olumn of L′. Elements of the ells aiσ(i) are
replaed by q = n + 1. Additionally we put aqq = q. In other words:
a′ij = aij for i 6= σ(i), a
′
iq = aiσ(i) = σ(i), a
′
qj = aσ−1(j)j = σσ
−1(j) and
a′
iσ(i) = a
′
qq = q.
Example 1. Consider the quasigroup Q(·) with the multipliation table
· 1 2 3 4 5
1 1 2 3 4 5
2 4 3 1 5 2
3 2 5 4 1 3
4 5 4 2 3 1
5 3 1 5 2 4
and its two omplete mappings σ =
(
1 2 3 4 5
4 2 1 5 3
)
and τ =
(
1 2 3 4 5
3 1 2 5 4
)
.
Then, as it is not diult to see, σ =
(
1 2 3 4 5
4 3 2 1 5
)
and τ =
(
1 2 3 4 5
3 4 5 1 2
)
.
3
Using these two mappings we an onstrut two dierent prolongations:
◦1 1 2 3 4 5 6
1 1 2 3 6 5 4
2 4 6 1 5 2 3
3 6 5 4 1 3 2
4 5 4 2 3 6 1
5 3 1 6 2 4 5
6 2 3 5 4 1 6
◦2 1 2 3 4 5 6
1 1 2 6 4 5 3
2 6 3 1 5 2 4
3 2 6 4 1 3 5
4 5 4 2 3 6 1
5 3 1 5 6 4 2
6 4 5 3 2 1 6
The rst prolongation is obtained by σ, the seond by τ .
By transpositions of rows and olumns, we an transform these two tables
into multipliation tables of loops Q′(⋆1) and Q
′(⋆2):
⋆1 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 3 5 6 1 4
3 3 1 6 5 4 2
4 4 6 1 3 2 5
5 5 4 2 1 6 3
6 6 5 4 2 5 1
⋆2 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 6 5 1 3 4
3 3 1 2 6 4 5
4 4 5 6 2 1 3
5 5 4 1 3 6 2
6 6 3 4 5 2 1
Sine γ(x ⋆1 y) = α(x) ⋆2 β(y), where
α =
(
1 2 3 4 5 6
2 4 1 6 5 3
)
, β =
(
1 2 3 4 5 6
4 1 6 3 5 2
)
, γ =
(
1 2 3 4 5 6
1 2 4 5 3 6
)
,
loops Q′(⋆1) and Q
′(⋆2) are isotopi. This means that also prolongations
Q′(◦1) and Q
′(◦2) are isotopi. 
If the diagonal of the multipliation table of a quasigroup Q(·) ontains
all elements of Q, then as σ we an selet the identity mapping. In this ase
the formula (3) has the form:
x ◦ y =


x · y for x, y ∈ Q, x 6= y,
x2 for x ∈ Q, y = q,
y2 for x = q, y ∈ Q,
q for x = y ∈ Q′.
(4)
If (Q(·) is an idempotent quasigroup, then (4) oinides with (2) and
Q′(◦) is a loop with the identity q.
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Example 2. The diagonal of the multipliation table of the additive group
Z3 ontains all elements of Z3. So, aording to (4), the prolongation Z
′
3(◦)
has the following multipliation table:
◦ 0 1 2 3
0 3 1 2 0
1 1 3 0 2
2 2 0 3 1
3 0 2 1 3
Putting α =
(
0 1 2 3
3 1 2 0
)
and x⊙y = α(x◦y) we an see that Z′3(◦) is isotopi
to the Klein's group K4(⊙).
Using σ =
(
0 1 2
2 0 1
)
and τ =
(
0 1 2
1 2 0
)
we obtain two non-ommutative
prolongations:
◦ 0 1 2 3
0 0 1 3 2
1 3 2 0 1
2 2 3 1 0
3 1 0 2 3
◦ 0 1 2 3
0 0 3 2 1
1 1 2 3 0
2 3 0 1 2
3 2 1 0 3
These prolongations also are isotopi to the Klein's group. For the rst
we have x ⊙ y = α(x) ◦ β(y), for the seond x ⊙ y = β(x) ◦ α(y), where
α =
(
0 1 2 3
0 3 2 1
)
and β =
(
0 1 2 3
0 1 3 2
)
. 
2. The onstrution proposed by G. B. Belyavskaya. This onstru-
tion is valid for admissible quasigroups. At rst we onsider the ase when
Q(·) is an idempotent quasigroup. To nd the prolongation Q′(⋄) of Q(·)
we selet an arbitrary element a ∈ Q. Next, in the multipliation table of
Q(·) we replae all elements of the diagonal, exept a, by q and adjunt one
olumn and one row:
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· 1 2 . . . a . . . n
1 1
2 2
.
.
.
.
.
.
a a
.
.
.
.
.
.
n n
−→
⋄ 1 2 . . . a . . . n q
1 q 1
2 q 2
.
.
.
.
.
.
.
.
.
a a q
.
.
.
.
.
.
.
.
.
n q n
q 1 2 . . . q . . . n a
The operation in Q(⋄) is dened in the following way:
x ⋄ y =


x · y for x, y ∈ Q, x 6= y,
q for x = y ∈ Q− {a},
a for x = y = a,
x for x ∈ Q− {a}, y = q,
y for x = q, y ∈ Q− {a},
q for x = q, y = a,
q for x = a, y = q,
a for x = y = q.
(5)
In a general ase, when Q(·) is only" an admissible quasigroup, we an
selet a omplete mapping σ of Q and x an arbitrary element a ∈ Q. Then,
obviously, there exists an uniquely determined element xa ∈ Q suh that
a = xa · σ(xa). The prolongation Q
′(⋄) of Q(·) an be dened by
x ⋄ y =


x · y for x, y ∈ Q, y 6= σ(x),
q for x ∈ Q− {xa}, y = σ(x),
a for x = xa, y = σ(xa),
σ(x) for x ∈ Q− {xa}, y = q,
σσ−1(y) for x = q, y 6= σ(xa),
q for x = q, y = σ(xa),
q for x = xa, y = q,
a for x = y = q.
(6)
Seleting dierent σ and dierent a we obtain dierent prolongations.
From a formal point of view, the above onstrution is a generalization
on the lassial onstrution. Indeed, putting σ(q) = q we extend σ to a
omplete mapping of Q′. Next, putting a = xa = q in (6) we obtain (3).
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If the diagonal of the multipliation table of Q(·) ontains all elements of
Q, then as σ an be seleted the identity mapping and the formula (6) an
be written in the form:
x ⋄ y =


x · y for x, y ∈ Q, x 6= y,
q for x = y ∈ Q− {xa},
a for x = y = xa,
x2 for x ∈ Q− {xa}, y = q,
y2 for x = q, y ∈ Q− {xa},
q for x = q, y = xa,
q for x = xa, y = q,
a for x = y = q.
(7)
For idempotent quasigroups it oinides with (5) but, generally, prolonga-
tions obtained by the method proposed by G. B. Belyavskaya are not isotopi
to prolongations obtained by the method proposed by V. D. Belousov. Below
we present the orresponding example.
Example 3. The prolongation Z
′
3(⋄) of the additive group Z3 onstruted
aording to (7), where a = 1, xa = 2, q = 3, has the following multipliation
table:
⋄ 0 1 2 3
0 3 1 2 0
1 1 3 0 2
2 2 0 1 3
3 0 2 3 1
This prolongation is isotopi to the group Z4(+). The onnetion between
Z4(+) and Z
′
3(⋄) is given by the formula γ(x + y) = α(x) ⋄ α(y), where
α =
(
0 1 2 3
3 1 2 0
)
, γ =
(
0 1 2 3
1 2 3 0
)
. So, the prolongation of Z3 onstruted by
(7) and the prolongation of Z3 onstruted by (4) (in Example 2) are not
isotopi. 
Example 4. Let Q(·) and σ be as in Example 1. Then, for example, for
a = 2 we have xa = 3. Whene, aording to (6), we obtain the prolongation:
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⋄ 1 2 3 4 5 6
1 1 2 3 6 5 4
2 4 6 1 5 2 3
3 2 5 4 1 3 6
4 5 4 2 3 6 1
5 3 1 6 2 4 5
6 6 3 5 4 1 2
Similarly, for a = 3 we have xa = 2 and onsequently
⋄ 1 2 3 4 5 6
1 1 2 3 6 5 4
2 4 3 1 5 2 6
3 6 5 4 1 3 2
4 5 4 2 3 6 1
5 3 1 6 2 4 5
6 2 6 5 4 1 3
Applying Theorem 2.5 from [10℄ we an verify that these prolongations are
not isotopi to the prolongation obtained in Example 1. 
4 Our onstrution
In the previous setion methods of onstrution of a prolongation of quasi-
groups that have a omplete mapping were given. But, as it is proved in
[12℄ (see also [8℄, p. 36) there are quasigroups whih do not possess suh
mappings. For example, a group of order 4k + 2 has no omplete mapping.
Below, we give a new method of a onstrution of prolongations for quasi-
groups that have a quasiomplete mapping. Our method an also be applied
to quasigroups that have a omplete mapping.
Let Q(·) be an arbitrary quasigroup with a quasiomplete mapping σ.
Then |σ(Q)| = n − 1 and def(σ) = d for some d ∈ Q. In this ase we also
have σ(x1) = σ(x2) = a, i.e., x1 · σ(x1) = x2 · σ(x2) = a in Q(·), for some
x1, x2, a ∈ Q, x1 6= x2.
The idea of our onstrution is presented by the following tables, where
for simpliity it is assumed that σ is the identity mapping and all elements
of Q, exept x1 and x2, are idempotents.
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· 1 2 . . . x1 . . . x2 . . . n
1 1
2 2
.
.
.
.
.
.
x1 a
.
.
.
.
.
.
x2 a
.
.
.
.
.
.
n n
−→
∗ 1 2 . . . x1 . . . x2 . . . n q
1 q 1
2 q 2
.
.
.
.
.
.
.
.
.
x1 a q
.
.
.
.
.
.
.
.
.
x2 q a
.
.
.
.
.
.
.
.
.
n q n
q 1 2 . . . q . . . a . . . n d
This new table is obtained from the old one by replaing all elements of
the diagonal, exept a = x1 · x1, by q and adding one new row and olumn
suh that x ∗ q = q ∗ x = x for x ∈ Q − {x1, x2}, x1 ∗ q = q ∗ x1 = q,
x2 ∗ q = q ∗ x2 = a, q ∗ q = d.
The operation of this new quasigroup is determined by the formula:
x ∗ y =


x · y for x, y ∈ Q, x 6= y,
q for x = y ∈ Q− {x1},
a for x = y = x1,
x for x ∈ Q− {x1, x2}, y = q,
y for x = q, y ∈ Q− {x1, x2},
q for x = x1, y = q or x = q, y = x1,
a for x = x2, y = q or x = q, y = x2,
d for x = y = q.
(8)
In the general ase, when σ is an arbitrary quasiomplete mapping of Q,
def(σ) = d, a = σ(x1) = σ(x2), x1 6= x2 and x1 is xed, the operation of
Q′(∗) has the form:
x ∗ y =


x · y for x, y ∈ Q, y 6= σ(x),
q for x ∈ Q− {x1}, y = σ(x),
a for x = x1, y = σ(x),
σ(x) for x ∈ Q− {x1, x2}, y = q,
σσ−1(y) for x = q, y 6= σ(x1), y 6= σ(x2),
q for x = x1, y = q or x = q, y = σ(x1),
a for x = x2, y = q or x = q, y = σ(x2),
d for x = y = q.
(9)
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If in the above formula we delete x2 and assume that σ is a omplete
mapping, then for x1 = xa and d = a this formula will be idential with
(7). This means that our onstrution is a generalization of the onstrution
proposed by G. B. Belyavskaya. Consequently, it is also a generalization of
the lassial onstrution.
Example 5. Let Q(·) be a quasigroup dened in Example 1. The mapping
σ =
(
1 2 3 4 5
4 5 2 3 1
)
is quasiomplete on Q, σ =
(
1 2 3 4 5
4 2 5 2 3
)
is its onjugated
mapping, def(σ) = 1, σ(2) = σ(4) = 2. Hene d = 1, a = 2, x1 = 2,
x2 = 4. Putting q = 6 and using our onstrution we obtain the following
prolongation of Q(·):
∗ 1 2 3 4 5 6
1 1 2 3 6 5 4
2 4 3 1 5 2 6
3 2 6 4 1 3 5
4 5 4 6 3 1 2
5 6 1 5 2 4 3
6 3 5 2 4 6 1
For x1 = 4, x2 = 2 our onstrution gives the quasigroup:
∗ 1 2 3 4 5 6
1 1 2 3 6 5 4
2 4 3 1 5 6 2
3 2 6 4 1 3 5
4 5 4 2 3 1 6
5 6 1 5 2 4 3
6 3 5 6 4 2 1
From Theorem 2.5 in [10℄ it follows that these two prolongations are isotopi,
but they are not isotopi to the prolongation onstruted in Example 1 and
in Example 4. 
5 Conlusion
The Brualdi onjeture (f. [8℄, p.103) says that eah Latin square n×n pos-
sesses a sequene of k > n− 1 distint elements seleted from dierent rows
and dierent olumns. In other words, eah nite quasigroup has at least
one omplete or quasiomplete mapping. It is known that if a quasigroup
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Q(·) has a omplete mapping, then eah quasigroup isotopi to Q(·) has one
also. Any group of odd order has a omplete mapping, but, for example,
groups of order 4k+2 do not ontain suh mappings. More interesting fats
on the Brualdi onjeture one an nd in [1, 2, 8, 11℄ and [13℄.
If this onjeture is true, then from our results it follows that eah nite
quasigroup has a prolongation.
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